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Abstract. Let D be a (generalized) Dirac operator on a non-compact complete Riemannian 
manifold M acted on by a compact Lie group G. Let v : M — > g = Lie G be an equivariant 
map, such that the corresponding vector field on M does not vanish outside of a compact subset. 
These data define an element of A'-theory of the transversal cotangent bundle to M. Hence, by 
embedding of M into a compact manifold, one can define a topological index of the pair [D, v) 
as an element of the completed ring of characters of G. 

We define an analytic index of (D, v) as an index space of certain deformation of D and we 
prove that the analytic and topological indexes coincide. 

As a main step of the proof, we show that index is an invariant of a certain class of cobordisms, 
similar to the one considered by Ginzburg, Guillemin and Karshon. In particular, this means 
that the topological index of Atiyah is also invariant under this class of non-compact cobordisms. 

As an application we extend the Atiyah-Segal-Singer equivariant index theorem to our non- 
compact setting. In particular, we obtain a new proof of this theorem for compact manifolds. 
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1. Introduction 

Suppose M is a complete Riemannian manifold, on which a compact Lie group G acts by 
isometries. To construct an index theory of Dirac-type operators on M, one needs some addi- 
tional structure on M, which replaces the compactness. In this paper, this additional structure 
is a G-equivariant map v : M — > g = Lie G, such that the induced vector field v on M does not 
vanish anywhere outside of a compact subset of M. We call v a taming map, and we refer to 
the pair (M, v) as a tamed G-manifold. 

Let £ = (B£~ be a G-equivariant Z2-graded self-adjoint Clifford module over M. We refer 
to the pair v) as a tamed Clifford module. 

The pair (<f^, v) defines an element in JT-theory Kg{TqM) of transversal cotangent bundle, cf. 

and Subsection |5^ of this paper. Thus, using an embedding of (a compact part of M) into a 
closed manifold and the excision property (Th. 3.7 of [|^), one can define an index of (<?, v) as an 



element of the completed ring of characters of G, cf. Subsection |5.l| . We will refer to this index 
as the topological index of the tamed Clifford module (<f, v) and we will denote it by Xg" )^)- 
This index was extensively studied by M. Vergne |jl^ and P.-E. Paradan 14]. 

The goal of this paper is to construct an analytic counterpart of the topological index. 

More precisely, we consider a Dirac operator : L^{M,£^) L'^{M,£^) associated to 
a Clifford connection on £ (here Lp'{M,£) denotes the space of square- integrable sections of 
£). Let f : M ^ [0, oo) be a G-invariant function which increases fast enough at infinity 
(see Subsection |2.5| for the precise condition on /). We consider the deformed Dirac operator 
Dfy = D + c(/f ), where c : TM ~ T*M End £ is the Clifford module structure on £. 



It turns out, cf. Theorem 2.9, that each irreducible representation of G appears in Ker Df^ with 
finite multiplicities. In other words, the kernel of the deformed Dirac operator decomposes, as 
a Hilbert space, into (an infinite) direct sum 

KerD% = Yl ' ^- (1-1) 

FGlrr G 

Moreover, the differences, my — ruy are independent of the choice of the function f and the 
Clifford connection, used in the definition of D. Hence, these are invariants of the tamed Clifford 
module (<f , v). We define the analytic index of (<?, v) by the formula 

VGlrr G 



The main result of the paper is the index theorem \5.3i , which states that the analytic and 
topological indexes coincide. The proof is based on an accurate study of the properties of the 
analytic index. Some of these properties will lead to new properties of the topological index 
via our index theorem. More generally, the index formula allows us to combine the analytic 



methods of this paper with the iT-theoretical methods developed by P.-E. Paradan in |13| , 14 1. 
Some simple examples are presented bellow. For a more interesting application we refer the 
reader to H. 
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In Section^ we introduce the notion of cobordism between tamed Clifford modules. Roughly 
speaking, this is a usual cobordism, which carries a taming map. Our notion of cobordism is 
very close to the notion of non-compact cobordism developed by V. Ginzburg, V. Guillemin and 



Y. Karshon 11, gj. We prove, that the index is preserved by a cobordism. This result is the 
main technical tool in this paper. 

Suppose S C M is a compact G-invariant hypersurface, such that the vector field v does not 
vanish anywhere on S. We endow the open manifold M\S with a complete Riemannian metric 
and we denote by (<?s, vs) the induced tamed Clifford module on M\S. In Section ^, we prove 
that the tamed Clifford modules vs) and v) are cobordant. In particular, they have the 
same index. We refer to this result as the gluing formula. Note, that the gluing formula is a 
generalization of the excision property for the index of transversally elliptic symbol, cf. Th. 3.7 

of i- 

It is worth noting that the gluing formula gives a non-trivial new result even if M is compact. 
In this case, it expresses the usual equivariant index of £ in terms of the index of a Dirac operator 
on a non-compact, but, possibly, much simpler, manifold M-£. 

The gluing formula takes especially nice form if S divides M into 2 disjoint manifolds Mi and 
M2. Let ((?i,vi) and {£2,^2) be the restrictions of {£t:,^j:) to Mi and M2, respectively. Then 
the gluing formula implies 

In other words, the index is additive. This shows that the index theory of non-compact manifolds 
is, in a sense, simpler than that of compact manifolds (cf. ||l^, where a more complicated gluing 
formula for compact manifolds is obtained). 

In Section ^, we use the gluing formula to prove that the topological and analytical indexes 
of tamed Clifford modules coincide. To this end we, first, consider a G-invariant open relatively 
compact set U C M with smooth boundary which contains all the zeros of the vector field v. 
We endow U with a complete Riemannian metric and we denote by {£u,vjj) the induced tamed 
Clifford module over U. As an easy consequence of the gluing formula we obtain 



We then embed U into a compact manifold A^. By definition, cf. Subsection the topological 
index x^^(£',v) is equal to the index of a certain transversally elliptic operator P on N. In 
Section |l| we give an explicit construction of such an operator and by direct computations show 
that its index is equal to Xc^i^Uj'^u)- We, thus, obtain the index formula 

Xg^(^,v) = Xc'(^^,v). (1.2) 

Atiyah, Q, showed that the kernel of a transversally elliptic operator P is a trace class 
representation of G in the sense that g Tic{g\Ker p), g £ G is well defined as a distribution on G. 
It follows now from the index formula ( |l.2D that the index space of the operator Dfy = D + fc{v) 
is a (virtual) representation of trace class. In other words the sum 

Tig) = ("^y -"^v)Tr(5|y) 

yeirr G 
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converges to a distribution on G (here rriy are as in ( |1 . 1| ) ) . We don't know any direct analytic 
proof of this fact. In particular, we don't know whether the individual sums rriy Tr(g|y) 

Felrr G 

converge to distributions on G. 

As another application of the index formula, we see that the topological index of Atiyah is 
invariant under our non-compact cobordism. In particular, it satisfies the gluing formula. This 
may be viewed as a generalization of the excision theorem 3.7 of [p. 

In Section 0, we consider the case when G is a torus. Let F C M he the set of points fixed 
by the action of G. Assume that the vector field v does not vanish anywhere outside of F. In 
Subsection 7.1, we show that (<?,v) is cobordant to a Clifford module over the normal bundle 
to F. This leads to an extension of the Atiyah- Segal- Singer equivariant index theorem to our 
non-compact setting. As a byproduct, we obtain a new proof of the classical Atiyah-Segal-Singer 
theorem. This proof is an analytic analogue of the proof given by Atiyah Lect. 6], Vergne 
m. Part II] and Paradan M, §4]. 
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I would like to thank them for bringing my attention to this problem and for valuable discussions. 

I am very grateful to John Roe, who explained to me the modern proofs of the cobordism 
invariance of the index on compact manifolds. My proof of Theorem is based on the ideas I 
have learned from John. 

I am very thankful to Michele Vergne, for careful reading of the original version of this 
manuscript, explaining me the connection between tamed Clifford models and transversally 
elliptic symbols and for bringing the works of Paradan to my attention. 



2. Index on non-compact manifolds 

In this section we introduce our main objects of study: tamed non-compact manifolds, tamed 
Clifford modules, and the (analytic) equivariant index of such modules. 

2.1. Clifford module and Dirac operator. First, we recall the basic properties of Clifford 
modules and Dirac operators. When possible, we follow the notation of [^. 

Suppose {M,g^) is a complete Riemannian manifold. Let C{M) denote the Clifford bundle 
of M (cf. @, §3.3]), i.e., a vector bundle, whose fiber at every point x € M is isomorphic to the 
Clifford algebra G(T*M) of the cotangent space. 

Suppose £ = £^ ® £^ is a Z2-graded complex vector bundle on M endowed with a graded 
action 

{a,s) ^ c{a)s, where a e r{M,G{M)), s e r{M,£), 

of the bundle G{M). We say that £ is a ('L2-graded self-adjoint) Clifford module on M if it is 
equipped with a Hermitian metric such that the operator c{v) : £x ^ £x is skew-adjoint, for all 
X G Af and G T^M. 
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A Clifford connection on i5 is a Hermitian connection V , which preserves the subbundles £ 
and 

[V|,c(a)] = c(V^^a), for any a e r{M,C{M)), X e r{M,TM), 

where is the Levi-Civita covariant derivative on C{M) associated with the Riemannian 
metric on M. 

The Dirac operator D : T{M, £) — > r(M, £) associated to a Chfford connection is defined 
by the foUowing composition 

T[M,£) — ^ T{M,T*M ®£) -^-^ T{M,£). 

In local coordinates, this operator may be written as D = ^ c((i2;*)V|.. Note that D sends 
even sections to odd sections and vice versa: D : T{M,£^) — > T{M,£^). 

Consider the L^-scalar product on the space of sections r(Af , £) defined by the Riemannian 
metric on M and the Hermitian structure on £. By [Q, Proposition 3.44], the Dirac operator 
associated to a Clifford connection is formally self-adjoint with respect to this scalar product. 
Moreover, it is essentially self-adjoint with the initial domain smooth, compactly supported 
sections, cf. §, 0, Th. 1.17]. 

2.2. Group action. The index. Suppose that a compact Lie group G acts on M by isometrics. 
Assume that there is given a lift of this action to £, which preserves the grading, the connection 
and the Hermitian metric on £. Then the Dirac operator D commutes with the action of G. 
Hence, KerZ) is a G-invariant subspace of the space L'^{M,£) of square-integrable sections of if^. 

If M is compact, then KerD^ is finite dimensional. Hence, it breaks into a finite sum 
Ker = ^ygj^.^. q my V, where the sum is taken over the set Irr G of all irreducible represen- 
tations of G. This allows one to defined the index 

xg{d) = {K-'^v)-y^ (2-1) 

yeirr G 

virtual representation of G. 
Unlike the numbers my, the differences my— my do not depend on the choice of the connection 
and the metric . Hence, the index xg{D) depends only on M and the equivariant Clifford 
module £ = £'^ (B £~ ■ We set XGi^) '■= XGiD), and refer to it as the index of £. 

2.3. A tamed non-compact manifold. The main purpose of this paper is to define and study 
an analogue of (|2.1| ) for a G-equivariant Clifford module over a complete non-compact manifold. 
For this we need and additional structure on M. This structure is given by an equivariant map 
V : M — > 0, where g denotes the Lie algebra of G and G acts on it by the adjoint representation. 
Note that such a map induces a vector field v on M defined by 

v{x) := — exp (tv(x)) • X. (2-2) 

In the sequel, we will always denote maps to g by bold letters and the vector fields on M induced 
by these maps by ordinary letters. 
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Definition 2.4. Let M be a complete G-manifold. A taming map is a G-equivariant map 



V : M — > 0, such that the vector held v on M, dehned by (2^), does not vanish anywhere 
outside of a compact subset of M. If v is a taming map, we refer to the pair (M, v) as a tamed 
G-manifold. 

If, in addition, E is a G-equivariant 'L2-graded self-adjoint Clifford module over M, we refer 
to the pair {£, v) as a tamed Clifford module over M. 

The index we are going to define depends on the (equivalence class) of v. 

2.5. A rescaling of v. Our definition of the index uses certain rescaling of the vector field v. 
By this we mean the product f{x)v{x), where f : M ^ [0,oo) is a smooth positive function. 
Roughly speaking, we demand that f{x)v{x) tends to infinity "fast enough" when x tends to 
infinity. The precise conditions we impose on / are quite technical, cf. Definition Luckily, 
our index turns out to be independent of the concrete choice of /. It is important, however, to 



know that at least one admissible function exists. This is guaranteed by Lemma |2.7| bellow. 
We need to introduce some additional notations. 

For a vector u G g, we denote by the infinitesimal action of u on T{M,£) induced by the 
action on G on £. On the other side, we can consider the covariant derivative : T{M,£) — > 
T{M,£) along the vector field u induced by u. The difference between those two operators is a 
bundle map, which we denote by 

/(u) := Vf-£^ G End£:. (2.3) 

We will use the same notation | • | for the norms on the bundles TM,T* M,£ . Let End (TM) 
and End {£) denote the bundles of endomorphisms of TM and £, respectively. We will denote 
by II • II the norms on these bundles induced by | • |. To simplify the notation, set 

1/ = |v| + ||V^^v|| + ||/(v)|| + \v\ + 1. (2.4) 

Definition 2.6. We say that a smooth G-invariant function / : M ^ [0, oo) on a tamed G- 
manifold (M, v) is admissible for the triple (i?,v, V^) if 

/>|2 

MBx^oo \df\\v\ + fu + 1 

Lemma 2.7. Let {£,'v) be a tamed Clifford module and let be a G-invariant Clifford con- 
nection on £. Then there exists an admissible function f for the triple (iS, v, V^). 



We prove the lemma in Section |8| as a particular case of a more general Lemma B.3. 

2.8. Index on non-compact manifolds. We use the Riemannian metric on M, to identify 
the tangent and the cotangent bundles to M. In particular, we consider v as a section of T*M. 
Let / be an admissible function. Consider the deformed Dirac operator 

Df, = D + V^cifv). (2.6) 

This is again a G-invariant essentially self-adjoint operator on M, cf. the remark on page 411 

of i. 
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Our first result is the following 

Theorem 2.9. Suppose f is an admissible function. Then 

1. The kernel of the deformed Dirac operator Df^ decomposes, as a Hilbert space, into an 
infinite direct sum 

KerD% = J2 "^v " (2.7) 

Velrr G 

In other words, each irreducible representation of G appears in Ker D^^ with finite multiplicity. 

2. The differences my — my {V € Irr G) are independent of the choices of the admissible 
function f and the G-invariant Clifford connection on £, used in the definition of D. 

The proof of the first part of the theorem is given in Section |9|. The second part of the 



theorem will be obtained in Subsection |3.9| as an immediate consequence of Theorem |3.7| about 
cobordism invariance of the index. 

We will refer to the pair {D, v) as a tamed Dirac operator. The above theorem allows to 
defined the index of a tamed Dirac operator: 

Xg(-D,v) := XciDfv) 

using ( |2.1| ). Note, however, that now the sum in the right hand side of is infinite. 

Since xg(-D, v) is independent of the choice of the connection on £, it is an invariant of the 
tamed Clifford module (^^, v). This allows us to define the (analytic) index of a tamed Clifford 
module (<?,v) by Xcf('^)V) := xg(-C')V), where D is the Dirac operator associated to some 
G-invariant Clifford connection on £. 

Most of this paper is devoted to the study of the properties of Xcf('^;v). In Section ^ we 
will show that it is invariant under certain class of cobordisms. In particular, this implies that 
Xff v) depends only on the cobordism class of the map v. In some cases, one can give a very 
simple topological description of the cobordism classes of v. In the next subsection, we do it for 
the most important for applications case of topologically tame manifolds. 

2.10. Topologically tame manifolds. Recall that a (non-compact) manifold M is called topo- 
logically tame if it is diffeomorphic to the interior of a compact manifold M with boundary. 

Suppose M is a topologically tame manifold and let us fix a diffeomorphism (p between M and 
the interior of a compact manifold with boundary M. A small neighborhood U of the boundary 
dM of M can be identified as 

U ^ dMx [0,1). (2.8) 



Let V : M ^ g be a taming map. Then it induces, via 4> and (2^), a map dM x [0, 1) ^ g 



which we will also denote by v. Hence, for each t E [0, 1), we have a map : dM — > g, obtained 



by restricting v to dM x {t}. It follows from Definition 2.4, that vt(x) 7^ for small t and any 
X G dM. Thus vt(x)/||vt(a;)|| defines a map from dM to the unit sphere in g. Clearly, the 



homotopy class of this map does not depend on t, nor on the choice of the splitting (2^). We 
denote by (t(v) the obtained homotopy class of maps dM S^. The following proposition is a 
direct consequence of cobordism invariance of the index (Theorem |3.7| ). 
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Proposition 2.11. If M is a topologically tame manifold, then the index Xcf(^)V) does not 
change if we change the map v : M — > g, provided o"(v) does not change. 

3. COBORDISM INVARIANCE OF THE INDEX 

In this section we introduce the notion of cobordism between tamed Clifford modules and 



tamed Dirac operators. We show that the analytic index, introduced in Subsection |2.8| , is 
invariant under a cobordism. This result will serve as a main technical tool throughout the 
paper. In particular, we use it in the end of this section to show that the index is independent 
of the choice of the admissible function and the Clifford connection on £. 

3.1. Cobordism between tamed G-manifolds. Note, first, that, for cobordism to be mean- 
ingful, one must make some compactness assumption. Otherwise, any manifold is cobordant to 
the empty set via the noncompact cobordism M x [0, 1). Since our manifolds are non-compact 
themselves, we can not demand cobordism to be compact. Instead, we demand the cobordism 
to carry a taming map to g. 

Definition 3.2. A cobordism between tamed G-manifolds (Mi,vi) and (M2,V2) is a triple 
{W, V, (j)), where 

i. W is a complete Riemannian G-manifold with boundary; 

ii. V : W ^ Q is a smooth G-invariant map, such that the corresponding vector held v does 
not vanish anywhere outside of a compact subset ofW; 

iii. (j) is a G-equivariant, metric preserving diffeomorphism between a neighborhood U of the 
boundary dW of W and the disjoint union (Ml X [0, e)) U (Ms X (-£, 0]) . We will refer to 
U as the neck and we will identify it with (Mi x [0,e)) |J (M2 x {—e,0]). 

iv. the restriction of v(^(j)~^{x,t)) to Mi x [0,e) (resp. to M2 x (— e,0]j is equal to vi{x) (resp. 

to V2{x)). 



Remark 3.3. A cobordism in the sense of Definition 3^ is also a cobordism in the sense of 
Guillemin, Ginzburg and Karshon P, 11, S]. If G is a circle, one can take |/f P (where / is an 



admissible function) as an abstract moment map. It is not difficult to construct an abstract 
moment map out of v in the general case. 

3.4. Cobordism between tamed ClifTord modules. We now discuss our main notion - 
the cobordism between tamed Clifford modules and tamed Dirac operators. Before giving the 
precise definition let us fix some notation. 

If M is a Riemannian G-manifold, then, for any interval I C M, the product M x I carries 
natural Riemannian metric and G-action. Let n : M x I ^ M, t : M x I ^ I denote the natural 
projections. We refer to the pull-back n*£ as a vector bundle induced by £. We view i as a real 
valued function on M, and we denote by dt its differential. 

Definition 3.5. Let (Mi,vi) and (M2,V2) be tamed G-manifolds. Suppose that each Mi, 
i = 1,2, is endowed with a G-equivariant self-adjoint Clifford module Si = £^ . A cobordism 
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between the tamed Clifford modules {£i,Vi), i = 1,2, is a cobordism (VK, v,(/)) between {Mi,Vi) 
together with a pair {£]y,ip), where 

i. £w is a G-equivariant (non-graded) self-adjoint Clifford module over W; 

ii. ^jJ is a G-equivariant isometric isomorphism between the restriction of £w to U and the 
Clifford module induced on the neck (Mi x [0,e)) |J (M2 x (— e,0]) by £i. 

iii. On the neck U we have c{dt)\^-i^± = . 

In the situation of Definition |3.5| , we say that the tamed Chfford modules {£i,vi) and {£2,^2) 
are cobordant and we refer to {£w,'^) as a cobordism between these modules. 

Remark 3.6. Let £°^ denote the Clifford module £1 with the opposite grading, i.e., £'^^^ = £^ . 
Then, X?f(^l,Vl) = -x?f(^^^Vl). 

Consider the Clifford module £ over the disjoint union M = Mi U M2 induced by the Clifford 
modules £°^ and £2- Let v : M — > g be the map such that vl^v/^ = Vj. A cobordism between 
(<5i,vi) and (<?25V2) may be viewed as a cobordism between (<?,v) and (the Clifford module 
over) the empty set. 

One of the main results of this paper is the following theorem, which asserts that the index 
is preserved by a cobordism. 

Theorem 3.7. Suppose {£i,vi) and (<?2) V2) are cobordant tamed Clifford modules. Let Di,D2 
be Dirac operators associated to G-invariant Clifford connections on £1 and £2, respectively. 
Then, for any admissible functions /i, /2, 

Xg{ Di + \^c{f ivi)) = Xg{D2 + V^c{f2V2)). 

The proof of the theorem is given in Section |lO[ Here we only explain the main ideas of the 
proof. 



3.8. The scheme of the proof. By Remark 3.6, it is enough to show that, if {£, v) is cobordant 



to (the Clifford module over) the empty set, then XG{Dfv) = for any admissible function /. 

Let iyV, £w-,^) be a cobordism between the empty set and {£, v) (slightly abusing the notation, 
we denote by the same letter v the taming maps on W and M). 

In Section we define the notion of an admissible function on a cobordism {W,£w i^) analo- 



gous to Definition 2.6. Moreover, we show (cf. Lemma ^.3] ) that, if / is an admissible functions 
on (M, i5,v), then there exists an admissible function on iyV,£w ^'^)^ whose restriction to M 
equals /. By a slight abuse of notation, we will denote this function by the same letter /. 
Let W be the manifold obtained from W by attaching a cylinder to the boundary, i.e., 

W = W (M X (0,00)). 

The action of G, the Riemannian metric, the map v, the function / and the Clifford bundle £w 
extend naturally from to VF. 

Consider the exterior algebra A*C = A'^C© A^C. It has two (anti)-commuting actions cl and 
cr (left and right action) of the Clifford algebra of M, cf. Subsection |10.1 . Define a grading of 
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E and a Clifford action c : T*W ^ End £ by the formulas 

£+ ■= £w(^hP- £- ■= £w(S)A^; c{v) := ^/^c(w) cl(1) {v£T*W). 

Let D he a Dirac operator on £ and consider the operator [| -Dj^, := D -\- c{fv). 

Let p : Vl^ — > M be a map, whose restriction to Mx (1, oo) is the projection on the second factor, 
and such thai p{W) = 0. For any a G M, consider the operator := Df^ — cii{{p{t) — a)). Here, 
to simplify the notation, we write simply c/j(-) for the operator 1(8)cr(-). Then (cf. Lemma |10.4D 

d2 = I)j^-B + \p{x)-a\\ (3.1) 

where B : T{W,£) — > T{W,£) is a bounded operator 0. 

It follows easily from (^) that the index xd^a) is well defined and is independent of a, 
cf. Subsection 10. 6| . Moreover, xd^a) = for a <C and, if a > is very large, then all the 
sections in KerD^ are concentrated on the cylinder M x (0,oo), not far from M x {a} (this 
part of the proof essentially repeats the arguments of Witten in ||2^). Hence, the calculation of 
Ker is reduced to a problem on the cylinder M x (0, oo). It is not difficult now to show that 
XcCDa) = XG{Dfv) for a > 0, cf. Theorem HOS . 

Theorem follows now from the fact that XG^J^a) is independent of a. 

3.9. The definition of tlie analytic index of a tamed Clifford module. Theorem |3]^ 
implies, in particular, that, if (<?,v) is a tamed Clifford module, then the index XG{Df^) is 
independent of the choice of the admissible function / and the Clifford connection on £. This 
proves part 2 of Theorem |2.9| and (cf. Subsection p. 81) allows us to define the ( analytic ) index of 
the tamed Clifford module (iS, v) 

Xff(<?,v) := XGiDfv), / is an admissible function. 



Theorem 3.7 can be reformulated now as 

Theorem 3.10. The analytic indexes of cobordant tamed Clifford modules coincide. 



3.11. Index and zeros oi v. As a simple corollary of Theorem |3.7| , we obtain the following 

Lemma 3.12. If the vector field v{x) ^ for all x € M, then Xff('f, v) = 0. 

Proof. Consider the product W = M x [0, oo) and define the map v : — > g by the formula: 
v{x,t) = v(x). Clearly, (VF, v) is a cobordism between the tamed G-manifold M and the empty 
set. Let £w be the lift of £ to W. Define the Clifford module structure c : T*W End £w by 
the formula 

c{x,a)e = cix)e ±V^ae, (x, a) G T*!^ ~ r*M M, eG£^. 
Then {£y[r,v) is a cobordism between {£,v) and the Clifford module over the empty set. □ 



^Note that i; might vanish somewhere near infinity on the cylindrical end of W^. In particular, the index of 
Dfy is not defined in general. 

^The reason that, contrary to (9.2), no covariant derivatives occur in (3.1) is that we used the right Clifford 
multiplication cr to define the deformed Dirac operator Da. The crucial here is the fact, that cr commutes with 
the left Clifford multiplication cl, used in the definition of the Clifford structure on £. 
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3.13. The stability of the index. We will now amplify the above lemma and show that the 
index is independent of the restriction of {£, v) to a subset, where v ^ 0. 

Let {Mi,Vi)i = 1,2, be tamed n-dimensional G-manifolds. Let U be an open n-dimensional 
G-manifoId. For each i = 1,2, let (pi : U ^ Mi be a smooth G-equivariant embedding. Set 
Ui = (t>i{U) C Mj. Assume that the boundary Ej = dUi of Ui is a smooth hypersurfaces in Mj. 
Assume also that the vector field Vi induced by Vj on Mj does not vanish anywhere on Mi\Ui. 

Lemma 3.14. Let vi), {£2,^2) be tamed Clifford modules over Mi and M2, respectively. 
Suppose tliat ttie pull-backs cp^Si, i = 1,2 are G-equivariantly isomorptiic as Z2-graded self- 
adjoint Clifford modules over U . Assume also that yfio (pi = ^^2°(p2- Then (<?i, vi) and (<f2 5 V2) 
are cobordant. In particular, Xcfi^i^^i) = Xg'('^2, V2). 

The lemma is proven ^ in Section |l^ by constructing an explicit cobordism between {£i,\ri) 
and (£'2,V2). 



Remark 3.15. Lemma 3.14 implies that the index depends only on the information near the 
zeros of v. In particular, if G is a torus and v : M ^ g is a constant map to a generic vector 
of Q, this implies that the index is completely defined by the data near the fixed points of the 
action. This is, essentially, the equivariant index theorem of Atiyah-Segal-Singer (or, rather, its 
extension to non-compact manifolds). See Section |^ for more details. 



The following lemma is, in a sense, opposite to Lemma |3.14[ The combination of these 2 
lemmas might lead to an essential simplification of a problem. 

Lemma 3.16. Let vi, V2 : M ^ q he taming maps, which coincide out of a compact subset 
of M. Then the tamed Clifford modules (£^,vi) and (i5,V2) are cohordant. In particular, 

X?f(^^,Vl)=X&"(^,V2). 

Proof. Consider the product W = M x [0,1]. Let s : [0,1] [0,1] be a smooth increasing 
function, such that s{t) = for t < 1/3 and s{t) = 1 for t > 2/3. Define the map v : ^ g by 
the formula v(x,t) = (1 — s{t))vi{x) + s{t)v2{x). Then (W,v) is a cobordism between (M, vi) 
and (M, V2). Let be the lift of £ to W, endowed with the Clifford module structure defined 



in the proof of Lemma 3.12 . Then {£w,'v) is a cobordism between vi) and V2). □ 

4. The gluing formula 

If we cut a tamed G-manifold along a G-invariant hypersurface S, we obtain a manifold with 
boundary. By rescaling the metric near the boundary we may convert it to a complete manifold 
without boundary, in fact, to a tamed G-manifold. In this section, we show that the index is 
invariant under this type of surgery. In particular, if S divides M into two pieces Mi and M2, 
we see that the index on M is equal to the sum of the indexes on Mi and M2. In other words, 
the index is additive. This property can be used for calculating the index on a compact manifold 
M (note that the manifolds Mi,M2 are non-compact even if M is compact). 



One can note that Lemma 3.14 



follows immediately from Lemma 3.12 and the additivity of the index stated 



in Corollar y [l.7| . However, the fact that the tamed Clifford modules £1,62 of Corollary 4.7 are well defined relies 



on Lemma 3.14. The lemma is also used in the proof of the additivity formula, cf. Section |l^. 
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4.1. The surgery. Let (M, v) be a tamed G-manifold. Suppose S C M is a smooth G-invariant 
hypersurface in M. For simphcity, we assume that S is compact. Assume also that the vector 
field V induced by v does not vanish anywhere on S. Suppose that £ = £'^®£~ is a G-equivariant 
Z2-graded self-adjoint Clifford module over M. Denote by £y, the restriction of the Z2-graded 
Hermitian vector bundle £ to My, '■= M\E. 

Let g^^ denote the Riemannian metric on M. By rescaling of 5*^ near S, one can obtain a com- 
plete Riemannian metric on Ms := M\S, which makes (Ms, := v|me) a tamed G-manifold. 
It follows, from the cobordism invariance of the index (more precisely, from Lemma 3.14), that 



the concrete choice of this metric is irrelevant for our index theory. We, however, must show 
that one can choose such a metric and a Clifford module structure on £•£ consistently. This is 
done in the next subsection. 

4.2. Choice of a metric on My, and a Clifford module structure on iSs- Let r : M ^ M 

be a smooth G-invariant function, such that r^^(O) = S and there are no critical values of r 
in the interval [—1, 1]. Let r : M ^ M be a smooth function, such that r(t) = for \t\ < 1/3, 
r{t) > 1/9 for |t| > 1/3 and r(t) = 1 for |t| > 2/3. Set a{x) = r(T(x)). Define the metric g*^^ 
on Ms by the formula 

:= -^9''- (4.1) 

This is a complete G-invariant metric on Ms- Hence, (Ms,g*^^, vs) is a tamed G-manifold. 
Define a map cs : T*My End £y by the formula 

cs := a{x)c, (4.2) 

where c : T*M End £ is the Clifford module structure on £. Then £y becomes a G-equivariant 
Z2-graded self-adjoint Clifford module over Ms. The pair (<?s, vs) is a tamed Clifford module. 

4.3. Before formulating the theorem, let us make the following remark. Suppose we choose 
another complete G-invariant metric on Ms and another Clifford module structure on £y, which 
coincides with the ones chosen above on a^^(l) C M. Then, by Lemma 3.14, the obtained tamed 



Clifford module is cobordant to (<5s, vs). In view of this remark, we don't demand anymore that 



the Clifford structure on £y is given by (O). Instead, we fix a structure of a G-equivariant self- 
adjoint Clifford module on the bundle £y, such that <?s|a-i(i) = "^10-1(1) and the corresponding 
Riemannian metric on Ms is complete. 

Theorem 4.4. The tamed Clifford modules (<f, v) and (<fs, vs) are cobordant. hi particular, 

X^^{£,^) = X?f(^:s,vs). 



We refer to Theorem 4.4 as a gluing formula, meaning that M is obtained from Ms by gluing 
along S. 



The proof of Theorem 4.4 is given in Section 13. Here we only present the main idea of how 



to construct the cobordism W between M and Ms- 
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4.5. The idea of the proof of the gluing formula. Consider the product M x [0,1], and 
the set 

Z := { G M X [0,1] : t < 1/3, x G S}. 

Set W := {M x [0, 1])\-Z^. Then 1^ is a G-manifold, whose boundary is diffeomorphic to the 
disjoint union of M\T, ~ {M\E) x {0} and M ~ M x {1}. Essentiahy, W is the required 
cobordism. However, we have to be accurate in defining a complete Riemannian metric on 
W, so that the condition (iii) of Definition |3.2| is satisfied. This is done in Section 

4.6. The additivity of the index. Suppose that S divides M into two open submanifolds Mi 
and M2, so that Ms = Mi U M2. The metric g'^^ induces complete G- invariant Riemannian 
metrics g'^^,g^'^ on Mi and M2, respectively. Let <Sj,Vj (i = 1,2) denote the restrictions of the 
Clifford module £j] and the taming map to Mj. Then Theorem implies the following 

Corollary 4.7. Xci^,^) = Xg(^^i,vi) + Xg(^2,V2). 

Thus, we see that the index of non-compact manifolds is "additive". 

5. The index theorem 

In this section we recall the definition of the topological index of a tamed Clifford module, cf. 
|l|, ^], and prove that it is equal to the analytical index. 

5.1. Transversally elliptic symbols. Let M be a G-manifold and let vr : T*M ^ M be the 
projection. A G-equivariant map a G r(T*M, Hom(7r*£^+, 7r*f~)) will be called a symbol. 

Set 

T^M = { ^ e T*M : itviiriC))) =0 for all v G g }. 

(Here, as usual, v denotes the vector field on M generated by the infinitesimal action of v G g). 
A symbol a is called transversally elliptic if cr(^) : 'it*£'^\^ tt*£~\^ is invertible for all ^ G TqM 
outside of a compact subset of TqM. A transversally elliptic symbol defines an element of the 
compactly supported G-equivariant iT-theory Kg{TqM) oITqM. Thus a construction of Atiyah 
|l|] defines an index of such an element. We, next, recall the main steps of this construction. 

5.2. The index of a transversally elliptic symbol on a compact manifold. Let a G 

r(M, Hom(7r*iS+, 7r*iS^)) be a transversally elliptic symbol on a compact manifold M and let 
P : T(M,£^) T{M,£~) be a G-invariant pseudo-differential operator, whose symbol coincides 
with a. 

For each irreducible representation V Glrr V let 

r(M,f±)^ := HomG(l/,r(M,f±))^®y 

be the isotipic component of T{M,£^) corresponding to V. We denote by the restriction of 
P to T{M,£+)^ so that 

P^ : T{M,£+)^ T{M,£-)^. 
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It was shown by Atiyah [Q] that, if M is compact, then the operator is Fredholm, so that 
the index 

Xg{P) ■■= Yl ( dimKerP^ -dimCokerP^) • 1/ (5.1) 
yeirr G 

is defined. Moreover, the sum (|5.lD depends only on the (homotopy class of the) symbol cr, but 
not on the choice of the operator P. Hence, we can define the index xci^^) by Xg(c) '■= Xg{P)- 

5.3. The topological index of a transversally elliptic symbol on a non-compact mani- 
fold. Let now o" be a transversally elliptic symbol on a non-compact manifold M. In particular, 
this means that there exists an open relatively compact subset U <Z M such that (t(^) is invertible 
for all C G vr-i(M\C/). 

Lemma 3.1 of [Ql shows that there exists a transversally elliptic symbol a : 71*8^ tt*£^ 
which represents the same element in Kq{TqM) as a and such that the restrictions of the 
bundles £^ to M\U are trivial, and cr\^j-~^i; is an identity. 

Fix an open relatively compact subset U <Z M which contains the closure of U . Let j :U ^ N 
be a G-equivariant embedding of U into a compact G-manifold (such an embedding always 
exists, cf., for example, Lemma 3.1 of [|13|). 

The symbol a extends naturally to a transversally elliptic symbol over A^. The excision 
theorem 3.7 of Q asserts that the index xg{^n) depends only on a but not on the choices of 
U, U, a and j. One, thus, can define the topological index of a by 

Xg''(o") := Xg{^n)- 

5.4. The topological index of a tamed Clifford module. Suppose now (£, v) is a tamed 
Clifford module over a complete Riemannian manifold M. Clearly, 

defines a transversally elliptic symbol on M. We then define topological index of {£, v) by 

X*JP(£:,v) := x*JP(a,). 

The main result of this paper is the following 

Theorem 5.5. For any tamed Clifford module (^,v) tlie analytic and topological indexes co- 
incide 



The proof is given in Section 14 , Here we only explain the main steps of the proof. 



5.6. The sketch of the proof of Theorem |5.5| . Let U C M he a G-invariant open relatively 
compact set with smooth boundary which contains all the zeros of the vector field v. We endow 
U with a complete Riemannian metric and we denote by {£u,vij) the induced tamed Clifford 
module over U. Combining Corollary with Lemma 3.12| , we obtain 

Xg(^,v) = XGi£u,^u). 
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Let U be an open relatively compact G-invariant subset of M, which contains the closure of U. 
Fix a G-equivariant embedding of U into a compact manifold N. 

In Subsection p,4.2| , we extend £u to a graded vector bundle = £^ © over A'' and we 
extend the map c{v) to a map c : £^ — > £~ , whose restriction to N\U is the identity map. 

As in Subsection [4.2| , define a Clifford module £u on [/, which corresponds to a complete 
Riemannian metric of the form = -^g^^ ■ Fix a Clifford connection V^'^ on and let / be 
an admissible function for v|f/, V^'^). We can and we will assume that the function 



l/f{x), xGU; 
is continuous. 

Let A : T{N,E~^) T{N,E~^) denote an invertible positive-definite self-adjoint G-invariant 
second-order differential operator, whose symbol is equal to In Subsection |14.4 , we show 
that the symbol of the transversally elliptic operator 

p = + fa-^D+A-^/^ 

is homotopic to dg. Hence, Xc'^i^^^) = Xg{P)- 

In Subsections 14.5 and 14. 6| we use the deformation arguments to show that xg{P) is equal 



to the index of operator \/—lc + fa ^Dfr. Note that the later operator is not transversally 



elliptic. However, an explicit calculation made in Subsection 14.6 shows that its index is well 
defined and is equal to Xci^-,^)- 

6. An example: vector bundle 

In this section we assume that G is a torus and present a formula for the index of a tamed 
Clifford module over a manifold M, which has a structure of the total space of a vector bundle 
p : N ^ F. This formula was probably known for a very long time. Some particular cases can 
be found in [|l|. Lecture 6] and [19, Part II]. The general case was proven by Paradan ||l^, §5]. 



The results of this section will be used in the next section to obtain the extension of the 
equivariant index theorem of Atiyah-Segal-Singer to non-compact manifolds. 

6.1. The setting. Let M be the total space of a vector bundle p : N ^ F. Assume that the 
torus group G acts on M by linear transformations of the fibers and that it preserves only the 
zero section of the bundle. 

Let g^^ be a complete G-invariant Riemannian metric on M. Let v : M — > g be a taming 
map such that both vector fields on M induced by v and by the composition v o p : N ^ F do 
not vanish outside of F. 

Let £ = £^ © £~ be a G-equivariant Z2-graded self-adjoint Clifford module over M. 

6.2. The decomposition of A^*^. Let A^*^ F denote the complexification of the bundle 
N ^ F. We identify F with the zero section of A^. The element v(x) S g {x € F), acts on the 
fiber A'^^ := p~^{x) of A'^'^ by linear skew-adjoint transformations. Hence, the spectrum of the 
restriction of the operator to each fiber A^^ is real. 
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Since G = T" does not have fixed points outside of the zero section, the dimension of the fiber 
oi p : N ^ F \s even. Moreover, we can and we will choose a G-invariant complex structure 
J : N ^ N on the fibers of A^, so that the restriction of \/—l\'{x) to the holomorphic space 
Nx' C A'^^ has only positive eigenvalues. 

6.3. The decomposition of £. Let T^ertM C TM denote the bundle of vectors tangent to the 
fibers oip : N ^ F. Let ThorM be the orthogonal complement of T^ertM. Let T^^M, T^^^M 
be the dual bundles. We have an orthogonal direct sum decomposition T*M = T^^^M(BT*^^^M . 
Hence, the Clifford algebra of T*M decomposes as a tensor product 

C{T*M) = C{T^,,M)®C{T:^,,M). (6.1) 

Consider the bundle A*((A^^'^)*) of anti-holomorphic forms on N. The lift A of this bundle 
to M has a natural structure of a module over T*^^^M and, in fact, is isomorphic to the space of 
"vertical spinors" on M, cf. [^, Ch. 3.2]. It follows from |^, Ch. 3], that the bundle £ decomposes 
into a (graded) tensor product 

£ ~ W(g)A 

where W is a G-equivariant Z2-graded Hermitian vector bundle over M, on which C{T*^j.^^M) 
acts trivially. By [Q, Prop. 3.27], there is a natural isomorphism 

Endc(T4,,Af)(W«'A) ^ EndcW, (6.2) 

The Clifford algebra C{T^^j.M) of T^^^M acts on £ and this action commutes with the action 
of C{T*^^^-M). The isomorphisms (U) define a G-equivariant action of C{T*^^M) on W. 

Let 5((iV^'°)*) = 0fc5''''((7V^'°)*) ^ F be the sum of the symmetric powers of the dual of 
the bundle N^'^. It is endowed with a natural Hermitian metric (coming from the Riemannian 
metric on M) and with a natural action of G. 

6.4. The bundle Kp. Let us define a bundle Kp = W\f ® S{{N^'°)*). The group G acts on 
Kp and the subbundle of any given weight has finite dimension. In other words, 

Kf = 0^a, 

where a runs over the set of all integer weights £ ~ Z" of G and each £a is a finite dimensional 
vector bundle, on which G acts with weight a. Each £a is endowed with the action of the Clifford 
algebra of T*F ~ T^^^M\p, induced by its action on W\f- It also possesses natural Hermitian 
metric and grading. Let Da denote the Dirac operator associated to a Hermitian connection on 
£a- We will consider the (non-equivariant) index 

ind Da = dimKerD^ — dimKerl?" 

of this operator. By the Atiyah-Singer index theorem 

ind Da = j A{F) ■ ch (£:„), 

where c]i{£a) is the Chern character oi £a (cf. §4.1]). 
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Va, (6.3) 



Theorem 6.5. The index Q of the tamed CUfford module {£, v) is given by 

where Va denotes the (one-dimensional) irreducible representation of G with weight a. 

A X-theoretical proof of this theorem can be found in [13, §5] 0. For the case when M 



is a Kahler manifold, this theorem was proven by Wu and Zhang |21| by a direct analytic 
calculation of Ker D . The method of Wu and Zhang works with minor changes for general 
manifolds. Note that our formula is simpler than the one in |2^, because we had the freedom 
of choosing a convenient complex structure on N. 

Remark 6.6. Since the action of -y/— 1 v(x) on S[{N^'^)*) has only negative eigenvalues, there 
exists a constant C > 0, such that <£^a = if a(v(x)) > C for all x G F C M. It follows, that 
Xg(^)V) contains only representations with weights a, such that a(v) < C. 

7. The equivariant index theorem on open manifolds 

In this section we present a generalization of the Atiyah-Segal-Singer equivariant index the- 
orem to complete Riemannian manifolds. In particular, we obtain a new proof of the classical 
Atiyah-Segal-Singer equivariant index theorem for compact manifolds. Our proof is based on 
an analogue of Guillemin-Ginzburg-Karshon linearization theorem, which, roughly speaking, 
states that a tamed G-manifold (where G is a torus) is cobordant to the normal bundle to the 
fixed point set for the G action. The approach of this section is an analytic counterpart of the 
iC-theoretic study in |l|, Lect. 6], Part II] and [[|, §4]. 

Throughout the section we assume that G is a torus. 

7.1. The linearization theorem. Suppose (M, v) is a tamed G-manifold and let F C M be 

the set of points fixed by the G-action. Then the vector field v on M vanishes on F. It follows 
that F is compact. Hence, it is a disjoint union of compact smooth manifolds Fi, . . . ,Fk. Let 
Ni denote the normal bundle to Fi in M and let be the disjoint union of A,. Let p : N ^ F 
be the natural G-invariant projection. In this section we do not distinguish between the vector 
bundle N and its total space. 

Let V : M — > g be a taming map. Let Vjv : A ^ g be a G-equivariant map, such that 
vn\f = v\f (in applications, we will set vj^ = vop : N ^ q). We assume that the vector field v 
on M induced by v, the vector field vn on N induced by vn and the vector field induced on A 
6?/ V op : A — > 9 do not vanish outside of F. (The last condition is equivalent to the statement 
that V has a zero of first order on F). 

The bundles TN\p and TM\p over F are naturally isomorphic. Hence, the Riemannian 
metric on M induces a metric on TN\p. Fix a complete G-invariant Riemannian metric on A, 
whose restriction to TN\f coincides with this metric. Then (A, vtv) is a tamed G-manifold. 



The following theorem is an analogue of Karshon's linearization theorem |11], Ch. 4]. 



*We don't distinguish any more between the topological and analytic indexes in view of the index theorem ^ 
^ In [h3|, V = vop. The general case follows from the fact that (f,v) is, obviously, cobordant to (f,vop) 
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Linearization Theorem 7.2. Suppose (Af, v) is a tamed G -manifold, such that the vector field 
induced by v on M and the vector fields induced by Vjv and v o p on N do not vanish outside 
of F. Suppose £,£n G-equivariant self-adjoint 'L2-graded Clifford modules over M and N , 
respectively. Assume that£]\f\F ~ £\f as Hermitian modules over the Clifford algebra ofT*M\F. 
Then the tamed Clifford module (^,v) is cobordant to {£]y,vj\f)- 



The proof is very similar to the proof of the gluing formula, cf. Section 13, We present only 
the main idea of the proof. The interested reader can easily fill the details. 

7.3. The idea of the proof of the Linearization theorem. Let ^ be a tubular neighborhood 
of F in M, which is G-equivariantly diffeomorphic to A^. 

Consider the product M x [0, 1], and the set 

Z ■= { E M X [0,1] : t < l/3,x y }. 

Set W := (M x [0, 1])\Z. Then W is an open G-manifold, whose boundary is diffeomorphic to 
the disjoint union of ~ y x {0} and M ~ M x {1}. Essentially, W is the required cobordism. 
However, we have to be accurate in defining a complete Riemannian metric on W, so that 
the condition (iii) of Definition is satisfied. This can be done in more or less the same way 
as in Section |l3[ 

7.4. The equivariant index theorem. We now apply the construction of Section ^ to the 
normal bundle Ni — > Fi. In particular, we choose a G- invariant complex structure on N and 
consider the infinite dimensional G-equivariant vector bundle Kp^ = £\p^0 S[{N^ ' )*) . We write 

= ©ag£ ^i,a, where a runs over the set of all integer weights £ ~ Z"' of G and each £i^a is 
a finite dimensional vector bundle on which G acts with weight tt. Then, cf. Section |6], each £i_a 
has a natural structure of a Clifford module over Fi. Let Di^a denote the corresponding Dirac 
operator. The main result of this section is the following analogue of the Atiyah-Segal-Singer 
equivariant index theorem 

Theorem 7.5. Suppose the map (M, v) is a tamed G-manifold, such that both vector fields on 
M induced by v and by v o p do not vanish outside of F. Suppose £ is a Z2-graded self-adjoint 
Clifford module over M. Then, using the notation introduced above, we have 

xg{£,^) = Yl (E^^d^^-)-^" = E (E / MF^)■ch{£,^^)yvc,, (7.1) 

where Va denotes the (one-dimensional) irreducible representation of G with weight a. 

The theorem is an immediate consequence of the cobordism invariance of the index (Theo- 



rem 13.71) and the linearization theorem 7.2 



7.6. The classical Atiyah-Segal-Singer theorem. Suppose now that M is a compact man- 
ifold. Then the index XGiD,v) is independent of v and is equal to the index representation 



Xg(-D) = Ker D+GKer D . Theorem 7.5 reduces in this case to the classical Atiyah-Segal-Singer 



equivariant index theorem 0]. We, thus, obtain a new geometric proof of this theorem. 
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An admissible function on a manifold with boundary 



In the proof of Theorem 3.7 we will need a notion of admissible function on a cobordism, 



which extends Definition |2.6|. In this section we define this notion and prove the existence of 



such a function. In particular, we will prove Lemma |2.7| about the existence of an admissible 
function on a manifold without boundary. 

8.1. Let (<?,v) be a tamed Clifford module over a complete G-manifold M. Let {W,vw,(j)) 
be a cobordism between (M, v) and the empty set, cf. Definition In particular, is a 
complete G-manifold with boundary and i;^ is a G-equivariant metric preserving diffeomorphism 
between a neighborhood U of dW ~ M and the product M x [0, e). 

Let vr : M X [0, e) ^ M be the projection. A G-invariant Clifford connection on £ induces 
a connection V^*^ on the pull-back tt*£, such that 

VSJ) ■■= ^*Vf + a^, {n,a) gTMxR^ T{M x [0,e)). (8.1) 
Let {£w I'^w I'i') be a cobordism between (<5, v) and the unique Clifford module over the empty 



set, cf. Definition 3^. In particular, ip : £w\u ~^ is a G-equivariant isometry. Let be 
a G-invariant connection on such that V^|^-i(^,f x[o,e/2)) = V'"^ ° V'^*^ o ip. 

Definition 8.2. A smooth G-invariant function f : W ^ [0, oo) is an admissible function for 
the cobordism {£\y,"vw,^^^), if it satisfies (|2.5| ) and there exists a function h : M ^ [0, oo) 
such that f{(l)'^{y,t)) = h{y) for ally £ M,t£ [0,e/2). 

Lemma 8.3. Suppose h is an admissible function for {£m,^, V^). Then there exists an admis- 
sible function f on {£y[/,-vw,V^'^) such that the restriction = h. 

Proof. Consider a smooth function r : W ^ [0, oo) such that 

• |dr(x)| < 1, for all x £ W, and lim^_^oo ''l^;) = oo; 

• there exists a smooth function p : M ^ [0, oo), such that r{(f)~^{y,t)) = p{y) for all y G 
M,i e [0,3e/4). 

Then the set {x £W : r{x) = t} is compact for all t > 0. Let v denote the vector field induced 



by on W ■ Recall that the function u is defined in (2^). Let a : [0, oo) [0, oo) be a smooth 
strictly increasing function, such that 

a{t) > 2maxf-4^: r{x) = t \ + t + l; t > 0. 

Let b : [0, oo) [0, oo) be a smooth function, such that 



< m < -n{^; ^}. 

Set 

9it) = ( r b{s)dsy\ 
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The integral converges, since b{s) < l/s^. Moreover, 

gitf^ > a{t) > t; g'{t) = 2g^/H > 0, t > 0. (8.2) 

Let a : M — > [0, 1] be a smooth function such that 

• a{t) = for |t| > 2e/3; 

• a{t) = 1 for |t| < e/3. 

Let C = max{|a'(t)| : t G M} and let [3 : W ^ [0,1] be a smooth function, such that 
f3{(t)-^{y,t)) = a{t) for y e M,t £ [0,e) and P{x) = for x [/. Then \dp\ < C. 

Recall that h is an admissible function for (iS,v,V^). This function induces a function on 
U c^i M X [0, e), which, by a slight abuse of notation, we will also denote by h. 

Set 

' (3{x)h{x) + (1 - (3{x))g{r{x)), x G M x [0, e), 

^g{r{x)), X M X [0,e). 

Clearly, f{<p-\y.t)) = h{y) for any y e M,t e [0,e/3). 

We have to show that teiids to infinity as x — > oo. Consider, first, the case x ^ U. 

Then /(x) = g{r{x)) and \df \ = g'\dr\ < g' . Hence, from the definition of the functions a we get 

\df\\v\+ fiy+l ^ g'\v\+gv + l 



fix) 



< {g'{r)+g{r) + l)-^ < air)ig' (r) + gir) + 1). (8.3) 
m X r 



From (|8.3|) and (F^), we obtain 



\df\\v\+fu+l - a{g'+g+l) " 253/2^ + 5 + 1 

_ 1 1 

26 + 5-1/2+5-3/2 - 2r-2+r-i + r-3 ^ °° ^ 



as X ^ 00. Note that (8^) holds even if x G [/, though in this case g{r[x)) 7^ f{x). 
Consider now the case x G U. Then 

\df\\v\+fiy+l < P {\dh\\v\ + hu) + {l-p){g>{r)\dr\\v\+giy) + \dp\\h-g\\v\ + 1 
< p{\dh\\v\+hiy) + {g'\v\+gu) + C(/i + 5)|t;| + 1 

< 2(1 + C) max | \dh\\v\ + hi^ + 1; g'\v\ +51^ + 1 1. 

Hence, 



I^ll^^l + l ~ 2{1 + C) max {\dh\\v\+hu + I; g'\v\+giy + l} 

> 1 ^ ^ r (l-/?)V|t;p 
- 2(1 + C) I + /11/ + 1' g'\v\ +gv + l /' 
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^2|^|2 

When X — > oo,x G U, the expression tends to infinity by definition of h, while 



v|^|jgt+i tends to infinity by (0). 



Lemma |8.3| is proven. □ 

8.4. Proof of Lemma |2.7| . Lemma |2.7| follows from Lemma by setting W = M (so that 
dW = 0). □ 



9. Proof of Theorem |2.9| .1 

9.1. Calculation of Df^,. Let / be an admissible function and set u = fv. Consider the 
operator 

Au = Y,c{e,)c{V]:%) -.8^8, (9.1) 

where e = {ei . . . 6^} is an orthonormal frame of TM ~ T*M and V'^*"' is the Levi-Civita 
connection on TM. One easily checks that is independent of the choice of e (it follows, also, 
from Lemma |9.2| bellow). 

The proof of Theorem |2.9|. 1 is based on the following 



Lemma 9.2. Let he the deformed Dirac operator defined in ( |2.6D , then 

Dl = + \uf + V^Au + \/^Vf. (9.2) 
The proof of the lemma is a straightforward calculation. 



9.3. Proof of Theorem 2.9. Since the operator is self-adjoint, KerD^ = Ker D^. Hence, 
it is enough to show that each irreducible representation of G appears in KerD^ with finite 
multiplicity. 

Fix V Gin G and let 

r{M,8)^ ~ RouiG {V,r{M,8)) 0V (9.3) 

be the isotypic component of T{M,8) corresponding to V. The irreducible representation V 
appears in Ker with the multiplicity equal to the dimension of the kernel of the restriction 
of D"^ to the space r{M,8)^ . We will now use ( p^ ) to estimate this restriction from bellow. 
Note, first, that, since ||c(z;)|| = \v\ and ||c(ei)|| = 1, we have 

\\Au\\ < 5]||VLS|| < c(|d/||t;|+/||VLS||), (9.4) 

i 

for some constant C > 0. 

Using the definition (2.3) of /u^, we obtain = + /^^(u). For any a G g, the operator £f 
is bounded on r{M,8)^ . Hence, there exists a constant cy such that 

II ^i.\r{M,£)y II < Cy|u|. 

Thus, on r{M,8)^ we have 

llVfll < ||£S|| + ||/(u)|| = /(||4ll + ll/(v)||) < /(cv|v| + ||/(v)||). (9.5) 
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Combining, dJ), {|9j) and (U), we obtain 

Dl\riM,£)v > D\iM,£)v + f\v\' - Xv{\df\\v\ - / (|v| + ||/(v)|| + ||vLC„|| ) ) , 

where Ay = max{l, cy, C}. It follows now from (p.5|), that there exists a real valued function 
ry(x) on M such that lim^^^oo rv{x) = +00 and on T{M,£)^ we have 

Dl\r{R4,£)v > D^\r(M,£)v +ry(x). (9.6) 

It is well known (cf., for example, Lemma 6.3]) that the spectrum of + ry(2;) is discrete. 
Hence, ( |9.6D implies that so is the spectrum of the restriction of to T{M,£)^ . □ 

10. Proof of Theorem 



By Remark p.6|, it is enough to prove Theorem 3.7 in the case, when is a cobordism between 



a tamed G-manifold (M, v) and an empty set, which we shall henceforth assume. 

10.1. The Clifford module structure on £. Let us consider two anti-commuting actions left 
and right action) of the Clifford algebra of R on the exterior algebra A*C = A'^C © A-'^C, given 
by the formulas 

CL{t)uj = tAuj — itOJ; Cfi{t)u) = tAu) + itOJ. (10-1) 

Note, that CL{t)'^ = —t"^, while cji(t)^ = . In the terminology of these two actions corre- 
spond to the bilinear forms (t, s) = ts and (t, s) = —ts respectively. 

We will use the notation of Subsection |3.8| . In particular, W is the manifold obtained from 
W by attaching cylinders. We denote by S^y the extension of the bundle £w to W and we set 
£ = £{v<S) A'C. 

Define a map c : T*W ^ End £ by the formula 

c{v) := V^c{v) 0CLil), v£T*W, (10.2) 

and set 

£+ := £{v(S)A°; £- := £:(y®A^ (10.3) 
By a direct computation, one easily checks that ( 10. 2| ), ( |10.3 ) define a structure of a self-adjoint 



Z2-graded Clifford module on £. 

10.2. The Dirac operator on W. Recall that (/> : [/ ^ M x [0, e) is a diffeomorphism, defined 



in Definition 3.2, and that ip is an isomorphism between the restriction of £w to U and the 
vector bundle ir*£ induced on M x [0, e) by £, cf. Definition The connection on £ 
induces a connection ^ on 7r*£, cf. ( |8.1D . Choose a G-invariant Clifford connection on £\y, 
whose restriction to (l)^^{M x [0, e/2)) coincides with V^*^. This connection extends naturally 
to a G-invariant Clifford connection on £. 

Let D denote the Dirac operator on £ corresponding to the Clifford connection V^. We will 
need an explicit formula for the restriction of this operator to the cylinder M x (0, 00). Let us 
introduce some notation. Let t : M x (0, 00) — > (0, 00) be the projection. We can and we will 
view t as a real valued function on the cylinder (0,oo), so that dt G r*(M x (0,oo)). Note 
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that Co := gradt G T(M x (0,oo)) is the unit vector tangent to the fibers of the projection 
TT : M X (0, oo) M. To simplify the notation, we denote 

7 := c{dt)(^l, ^ = Vf„. 
Let t*D denote the puh-back of the operator D : T{M,£) T{M,£) to M x {0,oo). Then 

^Imx(0,oo) = (t*D + ^-)^CL{l). (10.4) 



9t 

10.3. The operator Dq. Let / be an admissible function on M. Fix an admissible function 
on W whose restriction to M equals /, cf. Lemma 8.3. By a slight abuse of notation, we will 
denote this function by the same letter /. Also, to simplify the notation, we will denote the 
natural extension of / and v to by the same letters /, v. Set 

bf, = b + ^c{fv). 

Let s : R ^ [0,oo) be a smooth function such that s{t) = t for \t\ > 1, and s{t) = for 
\t\ < 1/2. Consider the map p : W ^ U. such that 

p{y,t) = s{t), for e M X (0,oo); 

p{x) = 0, for X £ W. 

Clearly, p is a smooth function and the differential dp is uniformly bounded on W. 

By a slight abuse of notation, we will write cl{s) and cr(s) for the operators 1 (X" cl{s) and 
1 ® c_r(s), respectively. Note, that the operator Cij(a) anti-commutes with bj^, for any o G M. 
Set 

Da = bf^-CR{p{x)-a), aGM. (10.5) 
When restricted to the cylinder, M x (0, oo) the bundle £ is equal to p*£ (8) A*M. Let 
Ho : £ ^p*£® A°M; Hi: £ ^p*£(^ A^M 

be the projections. 

Lemma 10.4. = Z)j^ — + \p{x) — a|^, where B : £ ^ £ is a uniformly bounded bundle 
map, whose restriction to M x (1, oo) is equal to V— 1 7(ni — Hq), and whose restriction to W 
vanishes. 



Proof. Note, first, that p{x) — a = —a on W. Thus, since cji{a) anti-commutes with -D/^, we 
^? I 



have D^lvK = b'jylw + o^- Hence, the identity of the lemma holds, when restricted to W. 



We now consider the restriction of to the cylinder M x (0, oo). Recall that t : M x (0, oo) 

1 and that the function s : M ^ [0, oo) w 

CB{p{x)-a) = {s{t{x)) - a) cr{1). 



(0, oo) denotes the projection and that the function s : M ^ [0, oo) was defined in Subsection 10.3 . 
Then 



Using ( p,0.4 ), we obtain 

d_ 

'di' 



^/«Imx(0,oc) = V^(t*D + V^c{fv))cL{l) + V^-fCL{l)- 
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The operators 7 and t*D + ^/^c{fv) commute with — a)cij(l). Also the operators cl and 
cr anti-commute. Hence, we obtain 



D 



n2 



-l7CL(l)^(s(i)-a)cR(l) 

- V^7(c,(t)-a)cR(l)ci(l)- + ((s(t)-a)cK(l)' 



D% + V^s'7CL(l)ci?,(l) + |i-a|' 



Since CL{l)cji{l) = Hi — Hq, it follows, that the statement of Lemma 10.4 holds with B 



7(111 — Ho). Since s' = 1 on M x (l,oo), the restriction of B to this cylinder equals 
7(111 — Ho). Finally, since s' is uniformly bounded on W, so is the bundle map B : £ ^ £. 

□ 

Since is a G-invariant operator, G acts on KerD^. 

Proposition 10.5. Each irreducible representation V of G appears in KerD^ with finite mul- 
tiphcity. 



Proof. We shall use the notation introduces in Subsection O. In particular, T{W,£)^ denotes 
the isotipic component of T(W,£), corresponding to an irreducible representation V of G. As 
in Subsection 9.3, it is enough to prove that the spectrum of the restriction of to T{W,£)^ 
is discrete. 



The arguments of Subsection 9.3 show that there exists a smooth function ry ■ W ^ [0, 00) 
such that 



on T{W,£)^ and the following 2 conditions hold 

• rv{x) +00 as X ^ 00 and x E W; 

• rv{y,t) +00 uniformly in t G [0, e), as y G M and y ^ 00. 

Let ||-B(x)||, X £ W denote the norm of the bundle map B^ : £x 
sup^g^y ||^(a;||- Set 



Rv{x) := rv{x) + \p{x) — a\ 



\B\ 



[W.6) 



£x and let ||-B||oo 



(10.7) 



Then Ry{x) +00 osW 3 x ^ 00. Also, by Lemma 10.4 and ( |10.6| ), we have 



D 



2 



> + Rv{x) 



(10. 



By [18, Lemma 6.3]), the spectrum of D + Rv{x) is discrete. Hence, ( 10.^ ) implies that so is 
the spectrum of the restriction of to T{W ,£)^ . □ 
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10.6. The index of D^. If V is an irreducible representation of G, we denote by D^'^ the 



restriction of to the space T{W,£^)^ . It follows from Proposition 10.5 , that D 

a IS a 

Fredholm operator. In particular, all the irreducible representations of G appear in KerD^ with 
finite multiplicities. Hence, we can define the index XG(Da) using (^J]), or, equivalently, by the 
formula 



E 

VGirr G 



dim Ker D 



Vr 



dim Ker D 



Vr 



V. 



(10.9) 



Proposition 10.7. xd^a) = for all a S 



Proof. Each summand in (|10.9|) is the index of the operator D^'""". Thus, since 



D 



D 



CRib-a) : L2iW,i) ^ L2iW,£) 



is bounded operator depending continuously on a,b £ M, the index xci^a) is independent of a. 

Therefore, it is enough to prove the proposition for one particular value of a. Recall that the 
norm ||-B||oo was defined in the proof of Proposition 10.5 . Choose a <C such that > ||i?||oo- 
It follows now from (jlO^) and ([10^ ), that > 0, so that KerD^ = 0. Hence, XG(Da) = 0- 

□ 



Theorem 3.7 follows now from Proposition 10.7 and the following 
Theorem 10.8. xcCDa) = XciDfv) for a > 0. 
The proof of the theorem occupies the next section. 



11. Proof of Theorem 10.8 



11.1. The plan of the proof. We consider an operator D™"*^ on the cylinder M x M, with 
the following property: Let D™"'^, a G M denote the operator obtained from D™°'^ by the shift 
Ta : {x,t) — > {x,t + a) (see Subsection 11.4 for a precise definition). Then the restrictions of 



D™"'^ and to the cyUnder M x (l,oo) coincide. Following Shubin we call D™°'^ the 
model operator. 

In Lemma 11.3 , we show that xciDfv) = Xg(D™°*^) for any a G M. 

The explicit formula for D^, obtained in Lemma p.0.4 , shows that the restriction of this 
operator to the compliment of M x (l,oo) becomes "very large" as a — > oo. It follows that 
the eigenfunctions of Dq are concentrated on M x (l,oo) for large a. Hence, the kernel of Dq 
can be estimated using the calculations on this cylinder, i.e., in terms of D™°'^. This is done in 
Proposition 11.6. Using this proposition it is easy to show that xci^a) = Xg(D™°'^) for large 



a, cf. Subsection 11.7 



11.2. The model operator on the cylinder. The restriction of <S to Af x (0, oo) extends 
naturally to a Hermitian vector bundle over M x M, which we will also denote hy £. If i : 
M X M — > M denotes the projection, then £ ~ t*£ A*C. Define the Clifford module structure 
and the grading on £ using ( 10. 2[ ), ( |10.3| ). 
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Let D,t*D : T{M xM.,£) r(M x M.,£) be, correspondingly, the Dirac operator on £ and 

an introduced in 

^ f**^ + 7^ ) ®cl(1). 



D 



the puh-back of D. Using the notation introduced in Subsection |10.2| , we can write 

d_ 
di 

Set 

vmod 



j^moa .- ^ ,/^c{fv) - CR{t{x)) : T{MxR,£) T{MxR,£). (11.1) 

We win refer to D™°'^ as the model operator, cf. [|17|. This is a G-invariant elhptic operator. 
Moreover, it follows from Proposition 10.5 that the index of D™"*^ is well defined. To see this, 
one can set W = M x [0, 1] in Proposition 10.5 , and view M x R as a manifold obtained from 
W by attaching cylinders. 

Lemma 11.3. The kernel of the model operator D™°^ is G-equivariantly isomorphic (as a 
graded space) to Ker(Z)j^). In particular, the index xg(D™°'') is well defined and is equal to 

XG{Dfy). 



Proof. The same calculations as in the proof of Lemma 10.4 , show that 



g2 



no) + 1' 



Thus, we obtain the following formulas for the restrictions of (D™°'^)^ to the spaces r(M x 
R,£^^A'C): 

2 



(D 



mod\2 1 



lr(MxR,£±(^A*C) 



t*{D + c{fv) 



92 



no + 1' 



(11.2) 



Here the first summand coincides with the lift of DJ^ to £, while the second summand may 
be considered as an operator acting on the space of A'C-valued functions on M. Also, both 
summands in the right hand side of ( |11.2|) are non-negative. Hence, the kernel of (D™°*^)^ 
equals the tensor product of the kernels of these two operators. 

The space Ker ( — ^ + Hi — Ho + t^) is one dimensional and is spanned by the function 



a{t) := e-* /2 g a^M. Similarly, Ker ( - + no - Hi + t'^) is one dimensional and is spanned 
by the one-form (3(t) := e^^^^'^ds, where we denote by ds the generator of A^C. It follows that 

Ker(D™°'^)^|r(MxR,£-+®A*c)) 



Ker(D 



mod\2| 



lr(Mxi 



|tV®a(i): o- G KerDj„|r(M,£:+) }; 
i,£-<s,A'C) - {tV®/3(t): G KerL'^^|r(M,^-) }. 



□ 



11.4. Let Ta ■ MxR MxR, Ta{x, t) = {x, t+a) be the translation. Using the trivialization of 
£ along the fibers of t : M x M ^ M, we define the pull-back map T* : r{M xR,£) ^ T{M xR,£). 
Set 



D 



mod 



Then xci'D^"'^) = xg(D'"°'^), for any a G 



modN 



mod 



D + 



-lc{fv) - CR{t{x) - a) 
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11.5. If A is a self-adjoint operator with discrete spectrum and A G M, we denote by N(X,A) 
the number of the eigenvalues of A not exceeding A (counting multiplicities). 

Recall from Subsection 10.6, that D^'^ denote the restriction of Dq to the space r(W^, E^)'^ . 
Similarly, let Dyj^,D™j^^ denote the restriction of the operators Dmod^ -Qmod spaces 
r(M X R,£^)^. 

Proposition 11.6. Let Xv,± denote the smallest non-zero eigenvalue of (D™^)^. Then, for any 
e > 0, there exists A = A{e, V) > 0, such that 

N{Xv,±-e,i'D^'^?) = dimKer(D^;^°±^)2, (11.3) 

for any a > A. 



Before proving the proposition let us explain how it implies Theorem [10.8 



11.7. Proof of Theorem 10. S. Let V be an irreducible representation of G and let e and 
a be as in Proposition |1L|. Let El'a C T{W,£^)^ denote the vector space spanned by the 
eigenvectors of the operator (D^'^)^ with eigenvalues smaller or equal to Xv,± — The operator 
D^'^ sends eY^o^ into eY^o^ . Since the dimension of the space eY^o^ is finite, it follows that 



dim Ker D 



V,- 



dim Ker D 



Vr 



dimi?, 



v,+ 

e,a 



dimi?, 



V- 

e,a 



mod 
V,+ 



By Proposition 11.6, the right hand side of this equality equals dim Ker D 
Thus 

Theorem 10.8 follows now from Lemma |11.3| . □ 
The rest of this section is occupied with the proof of Proposition 11. 6| . 

11.8. Estimate from above on N{Xv,± - e, (D^'"^)^). We wih first show that 

NiXv,± - e, (D^'±)')) < dimKerD^i^. 



dim Ker D^';^. 



(11.4) 



To this end we will estimate the operator from below. We will use the technique of |]T6| 
adding some necessary modifications. 



11.9. The IMS locaUzation. Let j,j : 



[0, 1] be smooth functions such that + = 



and j{t) = 1 for t > 3, while j{t) = for t < 2. 

Recall that t : M x M — > R denote the projection and that the map p : W 



was defined in 



Subsection 10.3 . For each a > 0, define smooth functions Ja and on M x M by the formulas: 



Ja{x) = 3{a-''H{x)), Ja{x) = ~j{a-''H{x)). 

By a slight abuse of notation we will denote by the same letters the smooth functions on W 
given by the formulas 

Ja{x) = j{a-^/^p{x)), Ja{x) = ~j{a-^'^p{x)). 

We identify the functions J^, J a with the corresponding multiplication operators. For opera- 
tors A, B, we denote by [A, B] = AB — BA their commutator. 
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The following version of IMS localization formula (cf. 0]) is due to Shubin |17, Lemma 3.1] 
(see also @, Lemma 4.10]). 

Lemma 11.10. The following operator identity holds 

Bl = JaJ^lJa + JaT>lJa + ^[Ja, [Ja,D^]] + i[J,, [Ja,T>l]]. (11.5) 

Proof. Using the equality + = 1 we can write 
Similarly, 

Summing these identities and dividing by 2, we come to ( |11.5| ). □ 
We will now estimate each of the summands in the right hand side of ( |11.5| ) . 
Lemma 11.11. There exists ^ > 0, such that 

Ja^lJa > (11-6) 

for any a > A. 

Proof. Note that p(x) < 3a^/^ for any x in the support of Ja- Hence, if a > 36, we have 
J^\p(x)-a\'>ijl 



Recall that the norm ||-B||oo was defined in the proof of Proposition 10. 5| . Set 

A = max{ 36,4||B||;^2 } 



and let a > A. Using Lemma 10.4, we obtain 



a2 ,2 



□ 



11.12. Let Pa : L2{M xR,£) ^ KerD™°'^ be the orthogonal projection. Let pY'^ denote the 
restriction of Pa to the space L2{M x M, £^)^ . Then pY'^ is a finite rank operator and its rank 
equals dim Ker Dyj^^. Clearly, 

r>^ta + ^v,±PY'^>Xv,±. (11.7) 

By identifying the support of Ja in M x M with a subset of W, we can and we will consider 
JaPaJa and JaT>^°'^Ja as Operators on W. Then JaD^ = JaB^^'^Ja. Hence, ( pTj) implies 
the following 

Lemma 11.13. For any o > 0, 

Ja-D^'^Ja + Xv,±JaPa'^Ja > Xv,±JI ik JaP^'^ Ja < dimKerD^^^^. (11.8) 

For an operator A : L2{W,£) L2{W,£), we denote by ||^|| its norm with respect to L2 
scalar product on L2{W,£). 
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Lemma 11.14. Let C = 2 max | max{|dj(t)P, : iGlKj. Then 

||[Ja, [Ja, D^]] II <Ca-i, ||[J„, [Ja, D^]] II <Ca-i, for any a > 0. 
Proof. Since is a Dirac operator, it follows from P, Prop. 2.3], that 
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The lemma follows now from the obvious identities 



\dJa{x) 



-^'^\dj{a-"^p{x))l 



\dJa{x) 



-1/2 



-2|dJa|2. 

d~j{a-^'^p{x)) 



□ 



From Lemmas |11.10| , |11.13 and 11.14 we obtain the following 



Corollary 11.15. For any e > 0, there exists A = A(e,V) > 0, such that, for any a > A, we 
have 



D 



v,± 



+ Xv,±JaPa'^Ja > Ay,± - rk J^P^'* J, < dim Ker D^J. 



v,± 



\mod 



(11.10) 



The estimate ( |11.4| ) follows now from Corollary 11.15 and the following general lemma p5| , 
p. 270]. 

Lemma 11.16. Assume that A,B are self-adjoint operators in a Hilbert space 7i such that 
ikB < k and there exists /i > such that 

{{A + B)u,u) > n{u,u) for any n S Dom(j4). 

Then N{fi - £,A) < k for any e > 0. 

11.17. Estimate from below on N{\y^± — e, (D^'^)^). To prove Proposition Il.t it remains 
now to show that 

N{Xv,±-e,{B^'^f) > dimKerD^Jf. (11.11) 

Let El'a C T{W, S) denote the vector space spanned by the eigenvectors of the operator (Da' )^ 
with eigenvalues smaller or equal to Xv,± — £• Let 11^'^ : L2{W, £^)^ — > E^,'^ be the orthogonal 
projection. Then 

rkUY:t = iV(Ay,± - e, {U^'^f). (11.12) 

As in Subsection 11.12 , we can and we will consider JallY'ctJa as an operator on L2(MxR,<5^)^. 
The proof of the following lemma does not differ from the proof of Corollary 11.15| . 

Lemma 11.18. For any e > 0, there exists A = A(e,V) > 0, such that, for any a > A, we 
have 

r>v!±,a + ^V,±Ja'5^a'^Ja > Ay,± - rk J„n^'± J„ < dim iV(Ay,± - £, (D^'±)2). (11.13) 

The estimate (11.11) follows now from (11.12), Lemma 11.1^ and Lemma 11.16| . 



The proof of Proposition 11.6 is complete. 



□ 
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12. Proof of Lemma 3.14 



12.1. The restriction of the Clifford module to U. Recall that Ui = 4>i{U). To simplify 
the notation we identify Ui with U and write U = Ui. We also denote the boundary dU of U 
in Ml by S. Recall that it is a smooth G- invariant hypersurface in Mi. 

Let £ui^u denote the restrictions of £i and vi to U , respectively. We will define a structure 
of a tamed Clifford module on 8u. For this we need to change the Clifford action of T*U on 
so that the corresponding Riemannian metric on U is complete. 

Let a : Mi — > R be a smooth G-invariant function, such that is a regular value of a and 
a-i((0,oo)) = U, a-\0) = S. 

Let ci : T*Mi — > End £i denote the Clifford module structure on £i. Define a map cjj : 
T*U ^ End £1/ by the formula 

cu{a) := a{x)ci{a), a £ T*U. 

Then cjj defines a Clifford module structure on £u, which corresponds to the Riemannian metric 
= a~'^g^\u, which is complete. From now on we denote by £ir the Clifford module defined by 
cu- We also endow £u with the Hermitian structure obtained by the restriction of the Hermitian 



structure on £1. Then {£u,yu) is a tamed Clifford module. Clearly, to prove Lemma 3.14 , it is 
enough to show that this module is cobordant to (<Si, vi). 



12.2. Proof of Lemma 3.14 . Since we will not work with M2,£2 any more, we will simplify 
the notation by omitting the subscript "1" everywhere. Thus we set M = Mi,£ = £1, etc. We 
will construct now a cobordism between £1/ and £. 
Consider the product M x [0, 1], and the set 

Z := {{x,t) £ M X [0,1] : t <l/3,x ^U}. 

Set W := (M x [0, 1])\.Z^. Then is a non-compact G-manifold, whose boundary is diffeomor- 
phic to the disjoint union of C/ ~ C/ x {0} and M ~ M x {1}. Essentially, W is the required 
cobordism, but we need to define all the structures on W. 

Let : W ^ (0, 00) be a smooth G-invariant functions such that 

• fi{x,t) = l,ift> 2/3; 

• fj.{x, t) = l/a{x), if t < 1/2 and a{x) > t — 1/3; 
and 

• = l,ilt> 2/3 or t < 1/4; 

• = 1/t if t < 1/2 and t- 1/3 > a{x). 
Define the metric on W by the formula 

(e2,r2)) := Ma;,i)'/'(6,e2) + iy(.x,tfTiT2, 



where {^2,T2) £ TxM © M ~ T(a,^t)VF. Then g^ is a complete G-invariant metric. 

Consider the G-invariant neighborhood 



O 



(x, t) : 4t < a{x) | |J | (x, t) : a; G M, 3/4 < t < 1 1 (12.1) 
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of dW. Define a map (p : {U x [0, 1/4)) U (M x (-1/4,0]) ^ O by the formulas 

(j){x,t) := {x,t), X £ U, <t < l/A; 

4>{x,t) := (x,l + t), X G M, -1/4 < t < 0. (12.2) 

Clearly, (/) is a G-equivariant metric preserving diffeomorphism, satisfying condition (iii) of Def- 
inition 3^. Define a map v\y : — > g by the formula V]y{x,t) = v{x). Then (W,vw,(p) is a 
cobordism between (M, v) and (C/, V[/). 

Let £w be the G-equivariant Hermitian vector bundle on W, obtained by restricting to W of 
the pull-back of to M x [0, 1]. Define the map cw ■ T*W — > End Syy by the formula 

cw{a,b)e = n{x,t)-^c{a)e ± u{x,t)-^bV^ e, ^ £w,{x,ty {a.b) T^M ®^ ^ T^^^^^W. 

Then cw defines a structure of a G-equivariant self-adjoint Clifford module on £\\r, compatible 
with the Riemannian metric g^, whose restriction to U x {0} <Z W \s isomorphic to Sjj and 
whose restriction to M x {1} is isomorphic to 8. 

One easily checks that the tamed Clifford module {£w-,"^w) provides a cobordism between 
(<S,v) and {£u,^u)- □ 



13. Proof of the gluing formula 



13.1. A cobordism between M and M^. Consider the product M x [0, 1], and the set 

Z ■= { (x,t) G M X [0,1] : t < 1/3, x G S}. 

Set W := (M x [0, 1])\Z. Then W is an open G-manifold, whose boundary is diffeomorphic to 
the disjoint union of M\S ~ (M\S) x {0} and M ~ M x {1}. Essentially, W is the required 
cobordism. However, we have to be accurate in defining a complete Riemannian metric on 



Let the function 



W , so that the condition (iii) of Definition |3.2| is satisfied. 

Recall that the function a : M — > [0, 1] was defined in Subsection 4.1 . 
s : W ^ {0, oo) and the metric on W be as in Subsection p,2.2| . The group G acts naturally 
on W preserving the metric . This makes W a complete G-manifold with boundary. Define 
a G-equivariant map v\y : — > g by the formula v\Y{x,t) = v(x). 

We still have some freedom of choosing a Riemannian metric on Ms and a Clifford module 
structure on cf. Lemma 3.14. To make these choices, consider a map (p : Ms dW defined 

by 



ifix) 



x,0, 



Let (7^^ be the pull-back to of the metric g^ . Then (Ms, 5*^^ , vx;) is a tamed G-manifold. 

Let O be a G-invariant neighborhood of dW, defined by ( 12. 1| ). Define a map (j) : (Ms x 
[0,1/4)) U (M X (—1/4,0]) ^ O by (|12.2D . Then is a G-equivariant metric preserving dif- 
feomorphism, satisfying condition (iii) of Definition 3.2. One easily checks that {W,vw,4') is a 
cobordism between (M, v) and (Ms,vs). 
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13.2. The bundle £w Proof of Theorem [4.4|. Consider the Chfford module £w over W 



defined as in Subsection 12.2 . Then the restriction of £.-\v to M x {0} <ZW \s isomorphic to £. 

Recah that : My. W \s a. diff'eomorphism of My, onto a piece of boundary of W . Set 
^"me = ^*£w- Clearly, £mj: is a G-equivariant Z2-graded self-adjoint Clifford module over the 
Riemannian manifold {My, g^^)- Moreover, the restriction of £y to a~^(l) equals £\a-i(^iy 

The tamed Clifford module {£w,^w) provides a cobordism between (<?, v) and (i^e, vs). □ 

14. Proof of the index theorem 

14.1. A tamed Clifford module over U. First, we define a complete metric on U and a 
tamed Clifford module over U, using the construction of Subsection 

Let r : M ^ M be a smooth G-invariant function such that r~^((0, oo)) = U , r^-^(O) = dU 
and there are no critical values of r in the interval [—1, 1]. Let r : M ^ M be a smooth function, 
such that r{t) = for |t| < 1/3, r{t) > 1/9 for \t\ > 1/3 and r{t) = 1 for \t\ > 2/3. Set 
a{x) = r(T(x)). Define a complete G-invariant metric on U by the formula 

g ■- , so g \v- 

a\xY 

Define a map c\j : T*J7 — > End £\\j the formula 

cy := a(x)c, 

where c : T*M — > End £ is the Clifford module structure on £. Then £u becomes a G-equivariant 
Z2-graded self-adjoint Clifford module over \J . The pair (<5;7,v|[/) is a tamed Clifford module. 
Combining Corollary 4.7 with Lemma p.l2| , we obtain 

X?f(^,v) = xS^(^^C/,v|^). (14.1) 



Let us fix a Clifford connection V^'^ on £ij. It follows from the proof of Lemma ^.7| (cf. 
Section ^), that we can choose an admissible function / : [/ ^ [0, oo) for the triple (<?[/, v|[/, V^'^) 
so that / > 1 and f{x) oo as x ^ oo. Then the function 

|0, x^(7, 



IS conmuous. 



14.2. A more explicit construction of the topological index. The following explicit con- 
struction of Xc^i^y'^) is convenient for our purposes. 

Let p : [0, oo) [0, oo) be a smooth function such that p{t) = 1 for t < 1 and p{t) = t for 
t > 2. Consider a new symbol 

^'(0 := ^(^(^) + "(^))' ^er*M. (14.3) 

Then a' is a symbol of order 0. 

Let U be as in Subsection 5.4. Then o"'(^) is invertible for all ^ G 7r~-'^(M\L'^). We now give a 



more explicit than in Subsection 5.2 construction of the extension of a' to N. 
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Fix an open relatively compact subset U C M which contains the closure of U. Then there 
exists a bundle F over U, such that the bundle £~^\fj © -F is trivial. Consider the symbol 

a' ■= a%eU G T{U,Bom{£^\^e F,£-\^e F). 

The map c(v) © Id defines an isomorphism between the restrictions of "^^l^ © F and £ \^ (B F 
to U\U, and, hence, a trivialization of £~\jj (B F over U\U. 

Let j : U ^ N he a G-equivariant embedding of U into a compact G-manifold N. Then the 
bundles £^\jj(BF extend naturally to bundles £]^ over and the symbol a extends naturally to 
a zeroth-order transversally elliptic symbol a'j^ on N, whose restriction to N\U is the identity 
map. 



The symbol a'j^ is homotopic to the symbol (Tjv of Subsection 5^. Hence, these 2 symbols 
have the same indexes and we obtain 

Xg'(^) ■■= Xg{^'n)- (14.4) 

14.3. A homotopy of the symbol o"^. Let c : £'^ £~ denote the map, whose restriction 
to U is c{v) © Id and whose restriction to N\U is the identity map. Recall that the function / 
was defined in the end of Subsection 14. Ij . Set 



^n{0 = + ^^c(e), e G T*N. 

p{\w 

Clearly, is homotopic to a'j^. 

14.4. A transversally elliptic operator with symbol ctn- We now construct a particular 
zero-order transversally elliptic operator P on N, whose symbol is equal to and, consequently, 
whose index is equal to Xc^i^:^)- 

Let A : T{N,E^) T{N,E^) be an invertible positive-definite self-adjoint G-invariant 
second-order differential operator, whose symbol is equal to 

Let : T{U,£^) T(JJ,£^) be the Dirac operator associated to the Clifford connection 
V^v^ cf. Subsection pAl| . Since supp/ coincides with the closure of U, we can and we will 



consider the product fDfj as an operator on A^. 
Set 

p = + fa'^D+A~^/^. 

Then the symbol of P is equal to &n ^. Hence, 

XG^iS,^) = Xg{P). (14.5) 



® Note, that the symbol of the operator a~^D'^ is equal to — -y/— lc(^). Therefore, though the function 
tends to infinity near the boundary of U, the coefficients of the differential operator fa~^D^ are continuous in 
any coordinate chart. Hence, the pseudo-differential operator P is well defined. 
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14.5. A deformation of P. Consider the family of operators 

Pt = {l-t)^/^c + t^/^cA-^/'^ + fa~^D+A^^/^, tG[0,l]. 
Then Pq = P- 

For every irreducible representation V G Irr G, let us denote by P^^ , {t G [0, 1]) the restriction 
of Pt to the isotipical component corresponding to V. 

For each ti,t2, the difference Pt^ — Pt2 is a bounded operator, depending continuously on 
ti and t2- Also, for all f < 1, the operator Pt is transversally elliptic. Therefore, for every 
1/ G Irr G and every t < 1, the operator PY is Predholm. Hence, xciPt) = Xg{Po) for every 
t < 1. Moreover, to show that Xg{Pi) = Xg{Po) we only need to prove that the operator P^ is 
Fredholm for all V G Irr G. 



14.6. The operator Pi. Proof of Theorem |5.5| . Let us investigate KerPi. Note, first, that 

Pi = ^/^cA-^/^ + fa-^D^A-^/^. 

Hence, u G KerPi if and only if w := A~^/^n satisfy 

{y/^c + fa-^Dlj)w = 0. (14.6) 

Since, f = and c = Id on N\U, it follows from (14.6), that u; = on N\U. Hence, ( |14.6| ) is 
satisfied if and only if supply lies in the closure of U and ( |14.6| ) holds on U. Recall that on U 
we have / = 1//, c = c{v). Hence, ( |14.6| ) is equivalent to 

'^c{v) + ^D^)w = <^ {D^ + V^fac{v))w = 0. 



Since, ac{v) = cu{v), the later equation is equivalent to {D^ + yj—lfcu{v))w = 0. Since, A"-*^/^ 
is invertible we see that Ker Pi is equivariantly isomorphic to Ker(P)^ + \/—lfcu{v)). Similarly, 
one shows that CokerPi is equivariantly isomorphic to Ker(Z)^ + ^J—lfcu{v)). Therefore 

Xg{Pi) = XG{Du + V^fcu{v)) := Xg{£\u,^\u). (14.7) 

In particular, we see that Pi^ is Fredholm for every V G Irr G. Hence, as it was explained in 
the end of the previous subsection, 

XGiPl) = Xg{P). 

Theorem |]| follows now from ( |14.lD , ( |14.5| ) and ( |14.7] ) . □ 
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